Abstract. We propose a method for determining the characteristics of a single-channel closed queueing system with an exponential distribution of the time generation of service requests and arbitrary distributions of the service times. In order to increase the system capacity, two service modes (the main mode and overload mode), with the service time distribution functions ( ) F x and ( ) % F x respectively, are used. The overload mode starts functioning if at the beginning of service of the next customer the number of customers in the system ( ) ξ t satisfies the condition 2 ( ) . ξ > t h The return to the main mode carried out at the beginning of service of the customer, for which
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Introduction
Closed queueing systems are widely used as models to evaluate characteristics of the information systems, data networks and queueing processes in production, transport, trade, logistics and service systems [1] . The closed system is also called the system with a finite number of sources or Engset system.
Suppose that a single-channel queueing system receives service requests from m identical sources. Each source is alternately on and off. A source is off when it has a service request being served, otherwise the source is on. A source in the on-state generates a new service request after an exponentially distributed time (the generation time) with mean 1 / .
λ The sources act independently of each other.
The service time of a service request has an arbitrary distribution. A service request, that is generated when channel is occupied, waits in the queue. The arrival rate of customers for a closed system at time t depends on the number of customers in the system ( ) ξ t and is equal to ( ( )). λ ξ − m t Such a flow of customers is called the Poisson flow arrivals of the second kind [2, p. 135 ].
In the case of an exponential service time distribution, the formulas are known for the stationary distribution of the number of customers for a single-channel closed system [2, p. 137] , and for a multichannel closed system [3, p. 134] . In [4] using the method of embedded Markov chain, an algorithm is constructed to determine the stationary distribution of the number of customers for a single-channel closed system with an arbitrary distribution of the service time.
In order to increase the system capacity, threshold strategies of the service intensity (service time) change are used in queueing systems. In the general case, the essence of this strategy is that the service time distribution depends on the number of customers in the system at the beginning of each customer service [5, 6] . With the help of the potentials method, we have developed an efficient algorithm for computing the stationary distribution of the number of customers in the systems with threshold functioning strategies [5] [6] [7] [8] [9] [10] , including a single-channel closed system with service time, dependent on the queue length [5] .
The potentials method is a generalization of an approach proposed by V. Korolyuk [11] for the study of a lower semicontinuous random walk to the case of several random walks. The potential method with a single basic random walk was used to study the M /G/1/N α system with a single fixed service time distribution [12] . For the study of systems with several modes of operation, it is necessary to use as many basic random walks and their potentials as there are different modes of functioning.
Since the arrival rate of customers for a closed system depends on the number of customers in the system, using the potentials method even in the case of a conventional closed system with a single function of the service time distribution ( ), F x for each value of the number of customers ( ) {1,2, , }, ξ = ∈ K t n m it is necessary to consider a selected basic random walk.
In this paper we apply the potentials method to study a single-channel closed system with two-threshold hysteretic switching of the service times. Two service modes (the main mode and overload mode), with the service time distribution functions ( ) F x and ( ) % F x respectively, are used. The overload mode starts functioning if at time t of the beginning of service of the next customer, the number of customers in the system satisfies the condition 2 ( ) . ξ > t h The return to the main mode carried out at the beginning of service of the customer, for which
Basic random walks
Denote by P n the conditional probability, provided that at the initial time the number of customers in the queueing system is equal to {0,1,2, , }, ∈ K n m and
The potentials method for a closed queueing system with hysteretic strategy of the service time change 133
by E (P) the conditional expectation (the conditional probability) if the system starts to work at the time of arrival of the first customer. Let ( ) η x be the number of customers arriving in the system during the time interval [0; ).
x Let 
Similarly, for Re 0 s ≥ and
The sequence
π% ni s with 0 > s and a fixed n can be treated as the distribution of jumps of some lower semicontinuous random walk defined by the distribution function ( ) F x ( ( )) % F x of the corresponding mode of service and probabilities { ( ) 1}.
T denote an exponentially distributed random variable with parameter . λ i Then we have 
, (2) using (3) we obtain:
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Note that
We introduce the notation:
With the help of equalities (1)- (6) we can obtain expressions for the members of the sequences
Distribution of the number of customers in the system during the busy period
Denote by , P F n ( , P F n ) the conditional probability, provided that at the initial time the number of customers of the system is equal to n and the service begins with the service time distributed according to the law ( )
denote the length of the first busy period for the considered queueing system, and for
( , ) ( , ) , ( , ) ( , ) , Re 0.
It is evident that 0 ( , ) 0,
With the help of the formula of total probability we obtain the equalities: 
Here { } I A is the indicator of a random event A; it equals 1 or 0 depending on whether or not the event A occurs.
Introduce the notation: (1) and (2), from (7) we obtain the system of equations for the functions ( , ) Φ n s k and ( , ) Φ % n s k :
with the boundary conditions
.
For solving the systems of equations (8)- (10) we will use the functions ( ) ni R s and ( ), ni R s % defined by the recurrence relations: 
Introduce the notation: 
are fulfilled, where
Proof.
n n
h m then the equalities (13) can be written as
Using the method of mathematical induction, equations (9), relations (11) , and arguing as in the proof of Theorem 1 of [5] , we obtain the proof of equalities (15).
The system of equations (8) can be written as
( , , ), 1 . 
We have received the equalities (15) from the equations (9) . Similar arguments allow us to obtain from (16) the following relations:
After defining with the help of (15) all
Using the boundary conditions (10), we can find 2 ( , ) h s k Φ and ( , ). m s k Φ As a result, we obtain the equality ( )
and relations (12), (14). The theorem is proved.
Busy period and stationary distribution
If the system starts functioning at the moment when the first customer arrives, then
To obtain a representation for
Thus, (18) confirms the following statement.
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Theorem 2. The Laplace transform of the distribution function of the length of the busy period is defined as ( ) ( )
To find 
as in the paper [6] , and taking into account that the length of the idle period during one cycle is distributed exponentially with parameter , λ m from (18) we obtain formulas for the stationary distribution of the number of customers in the system. 
We find the stationary queue characteristics -the average queue length ( ) EQ m and average waiting time ( ) Ew m -by the formulas
Here av λ is a steady-state value of the arrival rate of customers, defined by the equality
The parameter av λ is characteristic of the system capacity, because for the steady--state regime we have the equality of the intensities of flows of customers arriving and served.
If ( ) ( ), = % F x F x then we obtain a closed system with the distribution of the service time that is independent of the number of customers in the system. Putting (22) and (23), we obtain formulas for ( ) τ E m and ( ) k p m for this system. Let us call system i a system with parameters corresponding to the example , i 1, 2. = i
Examples for calculating of stationary characteristics
The row " (6)" k p of Tables 1 and 2 contains steady-state probabilities (6) , k p calculated by the formulas (23) for the systems 1 and 2 respectively. For the sake of comparison, the same tables contain the corresponding probabilities evaluated by the GPSS World simulation system [13] for the time value 6 
. = t
The values of the stationary characteristics found by the formulas (22), (24) and (25) and calculated with the help of GPSS World, are shown in Tables 3 and 4 respectively. Table 2 Stationary distributions of the number of customers in the system 2 Table 3 Stationary characteristics of the system 1 Analyzing the obtained results, we see that the application of the hysteretic strategy of the service time change allows one to reduce the queue length and the length of the busy period and, therefore, to increase the capacity of the system av . λ
Conclusions
With the help of the potentials method, we have obtained simple and suitable for numerical realization formulas for finding the stationary characteristics of single-channel closed systems with an arbitrary distribution of the service time.
